In the last few years, several criteria to identify Einstein-Podolski-Rosen steering have been proposed and experimentally implemented. On the operational side, however, the evaluation of the steerability degree of a given state has shown to be a difficult task and only a few results are known. In this work, we propose a measure of steering that is based on the maximal violation of well established steering inequalities. Applying this approach to two-qubit states, we managed to derive simple closed formulas for steering in the two-and threemeasurement scenarios. We also provide closed formulas for quantifiers of Bell nonlocality in the respective scenarios. Finally, we show that our measures of steering verify the entanglement-steering-nonlocality hierarchy and reproduce results reported so far.
to witnessing steering, it is remarkable that, unlike nonlocality and entanglement, for which simple measures exist at least for some particular contexts [31] [32] [33] , there is still scarce literature concerning the quantification of the steerability degree of a given quantum state. Developments along this line consist of the steering weight [34] , whose evaluation demands the use of semidefinite programming (which is also the case for the computation of the steering robustness [9] ), and a measure of steering for arbitrary bipartite Gaussian states of continuous variable systems [35] . In particular, there is no closed formula even for the very important (and simple) case involving twoqubit states and a few measurements per site.
The aim of this Rapid Communication is to fill this gap. Confining ourselves to two-and three-measurement scenarios, we propose to quantify steering as the amount by which a given inequality is maximally violated. Focusing on some well-established steering inequalities, we derive measures that verify the entanglement-steering-nonlocality hierarchy and reproduce known results.
Steering inequalities. We start by collecting some results concerning the detection of steering. In a seminal paper [22] , Cavalcanti, Jones, Wiseman, and Reid (CJWR) developed an inequality to diagnose whether a bipartite state is steerable when Alice and Bob are both allowed to measure n observables in their sites. This inequality is composed of a finite sum of bilinear expectation values:
where 
where
It was recently shown [29] that the maximal value that the function 2F CHSH 2 (ρ, µ) can reach is 2 √ 2, which corresponds to Cirel'son's bound.
The aforementioned inequalities can be represented in the form F n (ρ, µ) 1, where F n is some real-valued function, µ is a set of measurements, and ρ is a bipartite state. Violations of these inequalities imply that ρ is steerable for some µ, but do not indicate how much steering this state possesses.
Steering measure. Here we propose to quantify the degree of steerability of a given state by considering the amount by which a steering inequality is maximally violated. The rationale behind this strategy is identical to the one usually employed to quantify Bell nonlocality in bipartite states [6, 31] : a state that violates more an inequality, thus being more robust under noisy channels, is said to be more nonlocal (of course, this is not the only path for nonlocality quantification [36] ). In this sense, our approach is also intuitively related to the notion of steering robustness [9] . We then propose the following measure of steering for a state ρ:
and
The inner maximization is taken over all measurement settings µ, while the outer one selects maximal values that are greater than 1. Although Eq. (3) provides an intuitive operational measure of steering, this formulation still is mathematically involving due to the maximizations required. Nevertheless, we now show that analytical results can be obtained for any two-qubit state.
Results. In Ref. [39] , Luo showed that any two-qubit state can be reduced, by local unitary equivalence, to
where ½ is the 2 × 2 identity matrix and { a, b, c} ∈ R 3 are vectors with norm less than unit. Because the state purity P(ς ) ≡ Tr(ς 2 ) = 1 4 1+ a 2 + b 2 + c 2 is upper bounded by unit, we must have
We now proceed to construct steering measures in accordance with the prescription (3). We start by the maximization of F CJWR n (ς , µ) given in the inequality (1) . Using the state (5), we obtain the following expectation values:
where C ≡ ∑ r c r |e r e r | is a Hermitian operator with eigenvalues c r ,û i = |u i = ∑ r u ir |e r , andv i = |v i = ∑ r v ir |e r . For convenience, we have adopted bra-ket notation for the vectors
will not depend on either a or b. Let us define
n we then take all vectors |α i and |v i to be parallel, that is,
This can always be done, as we will discuss below. The orthonormality condition v j |v i = δ i j yields α j |α i = α 2 i δ i j and α j |v i = α i δ i j . Defining |α ≡ ∑ i |α i and |v ≡ ∑ i |v i , we obtain that α|v = ∑ i α i |v i . This inner product is then an upper bound for ∑ i C i . Hence,
To find the maximum upper bound we impose that the vectors |α and |v be parallel, that is,
where α = α|α and v = v|v = √ n (by the orthonormality of {|v i }). Therewith,
To determine α, we first notice, by Eqs. (8) and (9), that
The orthonormality of {|v i } implies that the choice (9) will always be possible as long as u j |C 2 |u i = α 2 i δ i j . This result requires |u i to be an eigenstate of C 2 with eigenvalue α 2 i = c 2 i . It follows, therefore, that α 2 will be maximal if we choose vectors |u i that give the greatest eigenvalues of C . With that, we finally obtain the maximal values
where c = √ c 2 and c min ≡ min{|c 1 |, |c 2 |, |c 3 |}. It is worth noticing that these maximal values are tight. To show this, we start from
, equality holding only if all α i are equal. Thus far, we have then established the following tight inequalities:
Now, it is immediately seen that assumption (9) saturates the first inequality in the chain (16) . By its turn, assumption (11), which means that ∑ i
It is easy to see that this relation saturates the last inequality in the chain (16) (12) and (15) .
We now proceed to the maximization of F CHSH 2 (ς , µ) given in the inequality (2) . By Eq. (7) one has A i ⊗ B j = u i |C |v j , from which it follows that
Since A i ⊗ B j are real and (12) and (13) with n = 2. We then conclude that
We have numerically checked, over 10 7 randomly generated settings µ, that (15) and (17) are indeed tight maximal values for their corresponding F n (ς , µ). To determine F max n , one may use the inequality (6) with a 2 = b 2 = 0 and the fact that |c i | 1 to obtain that max ς F CJWR n (ς ) = √ n. Thus, we come back to Eq. (3) to derive our final formula for the two-qubit steering:
which holds for any two-qubit state of form (5) in settings involving n = 2, 3 measurements per site. Notice that S n (ς ) does not depend on either a or b. Interestingly, our results show that the proposal of quantifying steering via maximal violation unifies the notions of steering deriving from inequalities that are a priori very different, as (1) and (2) . Entanglement, steering, and nonlocality. We are now interested in assessing what hierarchy is implied by our measures of steering in relation to pertinent quantifiers of entanglement and nonlocality. To this end, we construct a measure of CHSH nonlocality, i.e., a quantifier for the maximal violation of the CHSH inequality, which refers to a scenario involving two measurements per site. Horodecki et al derived a necessary and sufficient condition for the violation of this inequality by generic mixed spin-1/2 states [31] . Defining a nonnegative quantity M T ρ as a function of a matrix T ρ with elements t i j = Tr(ρσ i ⊗ σ j ) and showing that B max = max ν B CHSH ρ = 2 M T ρ , where the maximum is taken over all measurement settings ν = {x 1,2 ,ŷ 1,2 }, they proved that the CHSH inequality | B CHSH ρ | = |Tr(ρB CHSH )| 2, with a Bell operator . Now, following the reasoning of the previous section and inspired by the results reported in Ref. [40] , we define our quantifier of CHSH nonlocality as the amount by which the aforementioned inequality is maximally violated, i.e., N 2 (ρ) ∝ max {0, B max − 2}. Adopting a convenient normalization, we arrive at
which is manifestly equal to S 2 (ς ). This shows that the notions of steering and Bell nonlocality here derived are indistinguishable in the two-measurement scenario. Let us compare S 2 (ς ) = N 2 (ς ) with S 3 (ς ). From Eqs. (18) and (19) it is easy to see that these correlations will be present if and only if c 2 > 1 + c 2 min and c 2 > 1, respectively. Hence, as the former inequality implies the latter, all CHSH-nonlocal states will necessarily be steerable (symbolically, N 2 ⇔ S 2 ⇒ S 3 ). However, not every state that is three-steerable (i.e., steerable in a three-measurement scenario) will be two-steerable and CHSH-nonlocal. For the comparison with entanglement, we invoke the concurrence, which for a two-qubit state ρ reads E(ρ) = max{0,
, and ρ * the complex conjugate of ρ written in the computational basis [32] . In what follows, we will employ a very useful result, recently proved by Jafarpour and Sabour [41] , according to which the concurrence of any two-qubit state is lower bounded by the concurrence of a related X state. We can write an arbitrary two-qubit X state ρ X as follows. Let ρ j j be the diagonal terms and ρ jk = |ρ jk |e iφ jk ( j < k) the antidiagonal ones, with ρ k j = ρ * jk . It is a proven fact [42] that the concurrence of such a state can be written as
Applying the local unitary transformation U ≡ U + ⊗ U − , with U ± = e −iφ ± σ 3 and φ ± = 1 4 (φ 14 ± φ 23 ), one finds a fiveparameter X state of form
The X state (21) can be parametrized as in Eq. (5) by suitably choosing matrix elements as ρ jk = ρ jk (a 3 , b 3 , c) . Therefore, up to a local unitary transformation that preserves every quantum correlation Q, any X state can be written in the form (5), a 3 , b 3 , c) ). The Jafarpour-Sabour result [41] then implies that
which indicates that the entanglement of any two-qubit state ς ( a, b, c) is lower bounded by the concurrence of the associated X state ς (a 3 , b 3 , c) . Using formula (20), we can
show that the entanglement of ς (a 3 , b 3 , c) can be written as
Let λ 1 λ 2 λ 3 λ 4 be the set of eigenvalues of ς (0, 0, c), with λ 1 the greatest element. We can rewrite χ ± as E(ς (0, 0, c)) = max{0, e}, e = 2λ 1 − 1.
By its turn, S 3 can be written in terms of the purity P = ∑ i λ 2 i of ς (0, 0, c) as
To prove that nonseparability is a necessary condition for steerability, we use the fact that
we can rewrite this inequality as P + 2(λ 1 − λ 2 1 ) 1. Given that e = 2λ 1 − 1, it follows that e √ 2P − 1. By this inequality and Eq. (25) we see that in order for S 3 > 0, which requires P > 1 2 , it is necessary that E = e > 0, which proves the point. That entanglement can exist without steering can be shown by taking c i = −w with w ∈ [0, 1], which makes ς (0, 0, c) reduce to a 2 × 2 Werner state. Explicit calculation gives λ 1 = (1 + 3w)/4 and P = (1 + 3w 2 )/4. As a consequence, e = (3w − 1)/2 and s = (w
. We see that while steering only appears for w > 1/ √ 3, which is in full agreement with previously reported results [34] , entanglement is already present for w > 1/3. By inverting Eq. (25) we obtain P = P(s) and, because e √ 2P − 1, we conclude that
By the relations (22), (23) , and (26), we establish that
for any two-qubit state written in the form (5), which then means that S 3 ⇒ E [43] . With that, we conclude that for the whole set of two-qubit states it holds that
implying a hierarchy according to which all CHSH-nonlocal states are steerable and all steerable states are entangled [3] .
We numerically checked the hierarchy (28) over 10 7 randomly generated states ς (0, 0, c).
In light of the result S 2 (ς ) = N 2 (ς ), the question arises whether S 3 would also be equivalent to a measure of Bell nonlocality involving three dichotomic measurements per site. We now prove that this equivalence does not exist. To this end, it is sufficient to focus on the Werner states ρ w = ς (0, 0, c) with c i = −w and w ∈ [0, 1]. We construct a nonlocality measure, to be called N 3 , that quantifies the maximal violation of the Bell-3322 inequality [44] , which can be stated as
are probabilities associated with the von Neumann measure- 
According to Eq. (18), S 3 (ρ w ) = max 0,
, which explicitly shows that S 3 and N 3 are inequivalent. At last, by direct inspection of the analytical results for ρ w , we verify that N 3 ⇒ N 2 ⇔ S 2 ⇒ S 3 ⇒ E for all 2 × 2 Werner states. Clearly, the expected hierarchy is satisfied for N 3 as well.
Concluding remarks. By looking at the maximal amount by which some steering inequalities are violated, we have derived closed formulas to quantify the steering of any twoqubit state of form (5) in the two-and three-measurement scenarios. We also derived quantifiers of Bell nonlocality for each scenario. Besides correctly verifying the entanglementsteering-nonlocality hierarchy, our measures reproduce previously reported results. An open question is whether our strategy, as well as the robustness of steering [9] and the steering weight [34] , would lead to any sort of "anomaly" [45] for bipartite states of higher dimension. In the affirmative case, it would be interesting to test further proposals, as for instance to compute steering by looking at the volume of violations in the parameter space [38] .
